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T« Introduction

One of the principles often cited as basic in our system
of elementary as well as secondary education is "learning by
activity", or "learning by doing".  In mathematics teaching in
the primary grades, this principle is used in introducing the
concept of number and familiarity with geometric shapes and fig-
ures. In the junior high school grades, it has not always been
true that learning has continued by means of exvnerimentation and
exploration. Vet characteristic of the junior high school stu-
dent is that he loves to experiment, he likes "to see it work",.
he wants to create and he enjoys exploring. One criticism that
may be offerred of much of our mathematics teaching is that we
have not nermitted enough opportunities for exploration and dis-
covery. Yet mathematics, more than anv other subject, with pers
haps the exception of science, is rich with such possibilitiess -
A simnle model or device, made by an otherwise uninterested stu-~
dent, may be the means whereby he is able to understand rela-
tionships, whose mastery leads to further investigations,

Among the models and devices which offer the best opportun-
ities are those which can be made from simple and inexpensive
materials, such as cardboard,wood, string, elastics, sticks,
paper, etc. These can and should be mads by every stndent.

They are approximate in structure and of a temporary naturec,

but create interest and develop the imagination. Later, perman-
ent models can be made from glass, metal, cellophane, wood, etc.,
which are neat, accurate, and strong in structure. Models of -
this tvpe may be constructed as projects by various pupils nnd
should form a part of a permanent mathematical collsction for

the school. They should lend themselves to rather severe hm d-
ling and be used for exhibition and demonstration purposes,

Besides promoting a "spirit of discovery" and "ereative
thinking", the actual construction of a model requirecs a student
to apply numerical and geometric principles previously studied,
ad thus gives an insight into applied mathematics, With this
there can comc a far better appreciation of the. part playcd by
mothematics in our modern industrial and scientific age. Stu-
dents who cannot recadily grasp abstract idesas and relationships,
often sense them quickly when presented in concrete situantions.

This pamphlet has been writton to call to attention the
volue of models in mathematics instruction. The treatment is by
no means complnte or exhaustive. Many of the dcevices mnke the
actual teaching of mathematics casicr and the subjiect matter fas-
cinating. They lcad students to new ideas and discoveries,
which in turn leoad to still others. "It is fun to learn by
dO iﬂg . "

II. Surveying Instruments

1. The Transit. Many junior high school textbooks con-
tain chapters on indirect measurement--finding inaccessible dis-
tances by means of a home-mode transit and a scale drawing.
Directions for making a transit are included in many books.
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If the unit on indirect measurement is propcrly developed, then
the students usually find this work to be one of the most inter-
esting in their mathemntics course. Below arc listed other sim-
plor surveying devices which might well precede the work with the
transite

2e¢ The hundrceths of an inch scalee Onc means of arousing
intercst is to allow the studentsto make many simple instruments
~nd devices of their owne The scalce for measuring lines to hun-
dredths of an inch is an example. If no ruler with an inch di-
vided into ténth ig nvailable, an inch line can be readily divi-
ded into five cecqual parts by laying the line across six parallel
lines (e« Zesy as found on eighth of an inch graph pap-r), and
noting the four division points between the end points. Care-
fully bisccting the fifth of an inch, results in the tenth. The
sides of a onc inch square arc now divided into tenths of an inch,
and lines drawn parallcel to the base, and obliquely to the sides,
as shown on the scale included with this pamphlcte

5« The knottced ropce The Egyptians, before the day of
the transit and compass, used to do their surveying with a knot-
ted ropec containing at least thirtcecen knots, equally spaced.

The equally spaced knots aided in measuring distances, and if

the rope was made to form a triangle with threcce, four and five
spaccs for sides, aright angle was obtaincd. Since most pileces
of land were rectangular in shape, this carlicst of surveying
instruments proved quitc satisfactory. Knotting - rope as noted
abovey is a good exercisce in pationce and accuracy for cvery stu-
dent, and the iImportance of the right angle in surveying is cm-
phasized.

4, The isosceles right triangle, Cut an isosceles right
trianglce out of stiff cardbonrd. Draw a perpendiculsr on cach
side of the cardboard, from the right angled vertex to the hy-
potcnusc. Punch a hole on this line, ncar the vertex, and fas-
ten a string with plumb bob attached, through it. Sighting the
top of a telephone post, along the lcg of this right triangle,
kecping the plumb line in linc with the perpendicular line drawn,
makes it possible to obtain the height of thepost, within an er-
ror of 2 or 3 pcr ccnt. (Note theheight ofthe observer must be
included in finding the height of the post.)

5¢ The rangefinder,. Joseph's staffe These instruments
are illustrated on Plate IV.

I7I. Calculating Instruments and Devices

l. The Abacuse. This device is famousasg one of the carli-
est of counting instruments. It is used to represent numbers in
the decimal system and for performing the simpler processes of
arithmetice The addition, subtraction, and multiplication of
positive intogers is an intercesting experience for junior high
school students, particularly on the Chinese abacus, the suan~
pane It is far morc worthwhilc for the studentsto make a simple
abacus of their own, and usec it, than for them to observe the
teacher operating once (Plate IV)

2¢ Wapler's Rods or Bonosa The invention of these rods
by Napier, three hundred ycars ago, is probably the next step
in the development of our modern calculating machine. These rods
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or sticks can be made by using small strips of cardboard or wood,
about the length and width of the "tongue Depressors”

used by doctors and nurscss At least ten rods arc
needed, One of these i1s the index sticke It is

divided into nine compartments,labcled from 1 to 5 7 g
nine,  The other nine sticks cach contain a mul* ~- - %
tiplication table of the number appearing at its SN
top. The compartment is divided by a descending ¥ 5| K m =
diagonal. The unit's digit of the tabular fum- ™~ o
ber appcars in the ton half of the compartment, Iy ] 3|
and the ten's digit at the bottom. In Fig. 1, / 2 |
two ofthese sticks and an index rod are shown. '

To multiply 57 by 2, we obtainil4. 57 by 3 W/ WA W
gives 171; note the adding of numbsrs 5 and = - - 1AM A
2 appearing in the same diagonal column. \ataad ‘

Again, 57 x 9 cquals 513. To multiply o ol 7o
57 by 38, the products arc obtained as E\\‘ 5 <
above, but listed and added in the usu- ”4.5 >3 7
al arithmetic form. Elcmenbtopy and jun-

ior high school studcents delight in using
their own Napler rods in drill lessons on multiplication.

3« Numbergraph (Nomograph) for Addition and Subtraction.
Materials required arc a piece of cardboard, approximatoly 1"
®-6", and a shect of 11" x 8" graph paper, proferably 1/8" or

1/10" spaced. Cut the graph paper into one inch strips so that
the henvy linc isapproximately in the center of the strip. On
the cardboard construct a 10" x 4" rectangle, accurately, and
connect the midpoint of the 4" lines.  Paste a s®rip of graph
paper on each of the 10" lings, so that the heavy line of the
strip lics dircctly on the 1l#nc on the cardboard and the lowest
cross lines of the strips correspond to cach other along the 4"
base line. Call thec strips A, B,and Ce The A and C scales are
numbcrced alike, starting with O at the bottom and numbering
EVERY OTHER division point with the consecutive numbers. On
thce B seale EVERY division is numbered consecutively beginning
with O at the bottoms To add 3 and 5, place a foot ruler at
the number 3 on A, and at 5 on C, and thc answer 8 will be found
at the interscction om Be To subtract, usc the B scalc for the
minucnd, the A scalce for the subtrahcend, and the result is found
on Ci A similar numborgraph bascd on positive and nogative num-
bers proves to be an cxcellent device and aid in teaching ninth
gradce algebra.

Numbhergraph for Multiplieation and Division. This numbcre
graph is made in a similar manneor to the one just described.

Two typcs of scmi~logarithmic papor arc required,--one is the
simpls logarithmic scale of 10" length and tlke other has two log-
arithmic scalcs for the smme lengthe Strips of paper arc cut
as beforce Strips A and C require the single logarithmio scalc
and strip B thc doubles Carc must again be taken that in gluc-
ing the strips to the cardbosard, the lowest lincg agrec with the
4" basc line. Number the A and C scales in the samc manner as
on the C scalc of an ordinary slide rule, and thce B scalc like
the B scale on the slide rule. To multiply 5 by 9, placc the
foot ruler at the point & on scale Aand at point 8 on C. The
answor 40 (or 4) will be found on the sccond half of B,
SITRGITY OF
’ LIBRARY
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4, The Slide Ruleg. A slide rulce hag rocently appecared on
“tho market re >tailing for twenty five contse It appcars to be
satisfactory in introducing the uscfulness of thce slide rule to
junior and scnior high school studonts, Howcver, a far gre~ter
undcrstanding of the function and use of the slide rule wi 11 be
gainced if the student constructsonz of his own, madc out of wood
or cardboard and costing n fow cents. Strips of 10" single scale
logarithmic naper mny be uscd for the C, D and CI scales: double
scalec paper for the A-and B scales, and triplc scale 10" strins
for the K scalc.

IV. Geomectric Figurcs

l. Cut-out puzzlecs. Among the many proofs of the famous
Pythagorcan Theorem, appecar somec which can be proved by fitting
the parts of the squarces on the legs into the sguare on the hy-
potcnuse of the right triangle. PPOllMln?PV to thismethod of
varlfylng or proving the theorcm, students can be given practice
in fitting togother gecometric polygons to form lettoers, squares,
and cntertaining figurecs.
Tho 1ct+ers A,B, F, H, M
and T arc among thosc compe
monly uscda. Tho letter T
may be mnde from the four
parts of thc ~ccompanying
figurc.

2e ASqu-rc cqual to
20 Right Trinnglcs.
Twenty right triangles <E4:;g\(
loegs 2 cme and 4 cm. can ' -

be made to fit o sguare.
g ¥
(This side of the square 3 /////;;;

will be 8 V5 cm.) e L |

. 3. 64=65% This 3 \\ | i
famous probl~m "elengs to . \ L
this same .grouv. L L/

Gy
-
/’
\\\
\\
S

4, The Tanagram, This
is a famous Chinese puzzle.

To fit the seven nieces in- sen 2em

to a square is an interests ! “ .

ing exercise. Otheramuse- 1 3: =

ments are found in Dudeney, ~ - . Sem
H. B,, Amusements in Mathe- & 3=
matics, p. 43-6. ' . ,

T T gCM‘ SCM

5. Th Loculus of Archimedes. This onsists of fourteen parts

instead of seven. For figure, see Schasf, W. L., Mathemati~s for
Junior High School Teachers, n. 4%2.

!

G. Areas of Plane Figures., The parts of the accompanying
figure can be rearranged to show that the area of a rectmgle,
narallelogram, trapezoid or triangle ecuals cne half of the pro-
duct of the sum of the bases and the altitude. (Figure on next n,)
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Plate V. Upper Left

PRIV ENINES

Sun Dial

Joseph’s Cross Staff
Astrolabe

Angle Mirror
Peloris

Theodolite

Sextant

Surveying Triangle

Plate IV. Lower Left

A N~

Addition Numbergraph
Multiplication Numbergraph
Prime Number Sieve

Abaci

Napier's Rods

Magic Square Board

Plate . Upper Right

. & 2. Complex Roots

. & 4. Binomial Theorem
Cenerated Surfaces
Conic Sections

Solids of Revolution
Ruled Surfaces
Probability Board

. Stereogram
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Plate Il. Lower Right

1. Intuitive Geometry Board
2. Linkage

3. Solid Geometry Theorems
4. Frame Models

5. Trigonometric Functions
6. Theorem Board



7. The Pythagorean
Theorem. The accompanying
figures are self-exnlanatory.
The varts of the squares on

the legs, ius out of Tight |
catdboard, provide an inter- °
esting exercise in verifying
this theorem.

V. Other Interesting figures. /= 3\\\
1. Eratosthenes Sieve. . 5 2 | |
A formula for exnressing all N x

prime numbers has never been
found although it has bern
sought throughout the ages. A
simple device used by Eratcg-
thenes and known as Eratosthenes
sieve for finding vrime numbers,
can be made into an interesting
model. Construct a card A with 100 squares numbered from 1 to
100, preferably in rows of ten. A second card of the same size
is made so that the small squares corresnondingto theodd numbers,
ard to the number 2 on card A, are cut out ofthe cardboard. This
card when nlaced over card A reveals all the odd numbers from 1
to 100 and the prime number 2, A third card has all the squares
excent those which are maltiples of 3, cut out, i. e., 1,2,3,4,5,
7,8,10,11,13,etc. A fourth card has all spaces except multiples
of 5 and a fifth card all spaces excspt multiplesof 7 removed.

If these last four cards are ~laced on card A, onlv the prime
numbers from 1 to 100 are visible. (Plate IV)

| 5
\\
2

t
AN

A variation of the abowe device is to have cards with every
second square cut out, to show the numbers between 1 and 100
which are divisible by 2. Similar- cards can be made for the
other basic numbers of the common multivlication table.

2+ Pavper Folding. Many symmetrical figures can be obtained
by folding paper. One of the simplest is to obtain either the
gsixteen or thirtv-two points of the compass,., Another is to ob-
tain a regular pentagon, by tieing a simple knot on a strip of
‘paner 1/2" or 1" wide. For other figures se~ Paver Folding by
T. Sundara Row, Chicago, Oven Court Publishing Companyv.

VI. Geometry

1. In geometry stress is laid on proving relationships in
figures. These rslationshins are almost always given. It is of
egual imnortance that a student discover relationshivns by exper-
imentation, esvecially in the Junior High School, and later es-
tablish them logically in the demonstrative geometrm. To this
end models with movable parts, to give general relationships, are
invaluabls. Fixed models are useful in discovering pariicular
relationships. The following models are merely indicative and
many others as simple or more complex can be devised by enthusi-
gsatic teachers and stud-nts.
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2., Parallelogram: Join two sticks of
unecual lencth by a single bolt at theilr mid-
noints, Stratch an elastic tane around the
edges, As the sticks are moved in any vosi-
tion the clastic band alwayvs forms a narallelogran,

3., Diagonals: Join two uneqcual mairs of
erual sticks, alternatelw, bv single bolts.
Fasten slastic diagonals. For any nosition of
the sticls the diagonals bisect each other.

Tk locus of the diaronald interscction, for a
fixed base is easily seen from th- model.

4, The Xite: Join the unequal nairs of
equal sticks, succnssivelv, and fasten elastic
diagonals., "The clasticsare alwavs pernendiculer
for anv wnosition of the sticks., The locus of
the diagonald intersection, when the position
of one diagonal (b) is fixed illustrates the
pernendicular bisector of a given line segment,

5, Nuadrilateral: Join the znds of four
vneoual sticls with interlockzd eve hooks. In-
gsert an eve hook at cach mid-point and through
them —ass, in order, an elastic loor. The loop
forms a wnarallelogram no metter in what position,
vlane or in svpacc, the four st-cks are hcld,

5, Triangle: On a drawing board, thumb tack the ends of
two unequal clastic cords, separately, ten unitdavart, Connect
the mid-vnoints of the clastics by a non-eclastic cord or stick 5
units in length. Joining the loose ends of the
slastics to a single point andmoving this voint
to anv position in the pnlane of the board so
that o taut figurs is formed, the 5 inch cord
is always narallel to the base. What havpens
in this same figure if the thumb tacks are
12" apart?

7. Intuitive Geomectrv Board: Divide a large board 50" x

20" into unit sguarces. On a lower horizontal line attach or
vaste two nrotrsctors (celluloid or transperent if poss=ible)
with centers 10 units apart. To cach canter
attach metal strips, divided into units, and
numbered,7cro in ecach case at the protractor
center, A survrisingly large number of the- N
orems relating to triangles and parallel lincs N
can be discovered on this board. A sliding : P
protractor on one arm can be an addsd featurc.
(See Plate II, no. 1)

v

8, Theorom Board: At the bottom center of a board 20" x
20" p~int a black circle, radius 5". Around the board, around
the circle, at the center, and along a vertical diameter drill
small holes, to fit golf tees. Drill as many holes aépossible,



-7

symmaztrically placed. Withh red and black col- : . ‘
orcd 2lastic, and golf tecs with lettered heads, : : ’
any vlane geometrv theorem rcelating to a single ) :
figure can be renressnted. (See Plate IT, no. 6) |’ .

7 \
Many other models on angle measurcment, N R

similarity, circles, the Pythagorean theorom, AN , .

n2tc., are describzed in various tsxts and form Cea Nl U

oxcallent tecaching devices.,

Q. Solid ‘Geometry Thecorsm Models: 1In the beginning of

the study oP solid geometry, models of the theorcms are osvpecially
imnortant. '110y servs the same nurposc as a blackbeard drawing
of a figurc in »nlane gcometry, which 1s essentially a model for
the theorem Tomoorary models can easily he made from such mat-
erials as cqrdboard nceneils, ¥nitting necdles, thin sticks, cork,
string, and vastc. Nlta thn e materials overy student can make
his own model of the thcoorem under discussion. Permanent models
can be made from wood, glrss, heavy celluloid or wire mesh. (See
Plate IT, no. 3)

10¢ Geomotric Solids: Models of prisms, pyramids, cones,
cvlinders and spheres can be turncd out of mstal or wood on a
lathe in the school shov. Sccetions of these solids (right, ob-
lique, circular, clliptical, ctc.) can be sa-ed through, the
cut filled with shellac and the narts connected by counter-sunk
pins. In Junior digh School thoesc modcls can
be moasurcd, to determine area and volume re-
lations as well as to establish thce concaept of
annroximatc computation and degrcec of accuracy.
(See Plate I, no. 8)

The models can be made out of slender rods,

woodaen or wire, with ths ends sealnsd with wax,
glue or solder. Such models aid in discovering
md visualizing diagon~l and interior r~lation-
shins. (Sec Plate II, no. 4) The sclids can be
made out of shocted tin or “elluloid, with onc

art onen, and in this manner with the use of
sand or liquid, bec uscdto establish volume relaticns,
as well asto afford an interior vieow of the
solids. Celluloid wmodzls of intersccting solids, such as two
cylinders, are valuable, aéﬁuoﬁ 1nters :ctions are exccedingly dif-
ficult to visualize (Sco Plat e I, no. 5)

11l. Soan bubblc figures: The spherc and intersecting
spvhercs arc casy to meke from a hollow tube and soap water. A
rogular tetrahcdron, constructed with six thin mctal
rods as cdges ad attached to a slender rod ak onc
vertex, when divpped in a soan solution will produce
a bubble in the form offan intravertsd tetrahedron,

(See Plate I, no. 2) A cubo similarly constructed /\ 7
will producc an c¢van more striking goometric spacoe L\j
surfacc, z
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12, Regular Polyhedra: Many books give templets for con-
structing the rogular polyhedra, (Plato T, no. 1) That othor
interesting and important polyhedrs cxist and can be made from
a single temnlct is scldom: notcd. All crystals arc polyhedra
containing symmetry and models of them arc siven in many books
on crystallosraphy,(Scc Plate I, n%. 6). T simplest onc of
these is a rixombododccancdron or cxtravertea cube, consisting
of twelve fooes all congrucnt rhcmdi. To coustruct it conncet
cach vertox o5i a ocubc to its conbcr and fold the six squerc py-
ramids thus Tormod around the outside of thoe cubc. A tomplot
for this soj;ﬂ is giv-on on the last pagc. All tho regular poly-
hedra can be trcented the same way, thus crcating an ontirc now
class of nFTylpdru, (Sce Plate I, nos 3). If the pyramids arc
intraveorted ve get an intoresting ncw sct of geoomotric figurces,
which have frcos, cdges nnd vertices, yot inclosc no snacc.
(Scec Platc I, no. 2)

13« Stellated Polyhedra: Iffthe faccs of tho rcgular oc-
trahedron, dodeccahcdron and 1cosdhcdron arc cxtended tlll thew
mcot, o now sct of n01ntoqor stellated polyhedra arc formeds
(Sce Plate I, noe 4) A templet For the stellated icosahcdron
is given on the last page. In the case of the icoschedron the
pYP“mldS can be intra- or oxtra-verted. If, in turn, thosc
stcllated polyhcdra have their faccs produced until they mect,
‘a now sct of polyhedra (stellded of the sccond order) arc formcd.
The construction of the templets and th~ figurcs i1s an cxe~llent
projcct for n solid goomotrv class. Thosc figur~s arc described
in deotail in Max Bruckner's Viclecke und Viclflachc,; published
by G. B« Toubner, Leingzig, Somc arc described in Croftmanship
in the Teaching of Elcmentary Mathomntics by F. Wes Wostaway;
page 584,

14, Penotrating Solids: Many crystals arc formcd bv the
intcrscction of two gcomctric solids. An intercsting sct of
solids arc thosec formcd by taking the rcgular solids formed nc-
cording to the same scale, and lotting onec interscct the other
along symmotric axss.e All theo above solids whon carcfully con-
structed mokce beautiful ornnments for display purposcs.

15, Euler!'s Theorom: For all thess solids, the important
theorem E + 2 =V + F, Iknown as Euler's polyhcdron thecorom, can
be casily verifiecd. A good model to aid in the proof is to
placc part of a wirc polyhcedron on o circular basc under a homi-
sphorical glass dome (a fish bowl cut by a glazicr will sufficc).
From any point on the circulerr bagc insido the polyhcdron leot
wirss be trkon through ceach vortex to the globe surfircc. Through
these points of contact, paint arcs of great circlodﬁo corrcspord
to ths cdges of the polyhedron. (Sec Platc I, no, 9). The study
of thc spherical surface thon suggests a method of vroof. Tecach-
ors can dovisc mndels for us~ in the proof by synthoetizing thoe
solid, or by projocctione.
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VIT. Algebra and Analvsis

l. Binomial Thecorem: (a + b)© and (a - b)2 arc represonted
gecomctrically in mqny texts by a aquare, cut into four p\rts.
Slmllarly (2" ¢ b)® can be constructed from 2 /
cubical box by making thrce comolete cuts, each /hﬂﬁ_*“*aiF
at the .same distance from one given vaertex ~24(<»
and perpcendicular to the edge. The cight
solid  scctions_thns formed corrcspond to the terms of the ocxpan-
sion of (a + b)°, By properly rclabeling the rarts so that 2 + b
caquals x and b = g, and hence a = x - v, the same model will
illustrate (x - y)° , (8¢~ Platc III, no. 3 and 4,) The stu-
dents can also dcvise modcls for (a + b + ¢) squared or cubad,
and the wholc mrocess leads late~ ot Symmetric Functions,

24 Pascalis triangle: As an cxtension of the binomial
theorem and for the numerical relationship obtainable from it,
this trianglce is intercsting in itsclf. To extend it to thﬁ nor-

mal curve, it is of veluc to bulld each row scparately, 0
out of cqual blecks as 1-2-1, 1-3-3-1, ctc. What hap-
vens when n becomes large can be illustrated hy Galton's H

Quincunx, (Sec Plate III, no. 9) The simpnlest type is
that of a ponny machinc in which round pecgs arc driven |
into a board in ten-pin or cquilateral triangular arrangcment
with sufficicnt space for a penny to fall through.
Have at least 20 spac~s at the bottom. Dropping The—— —
vonnics through th~ ceonter slédt at the toov and with| .. on-. .
the board sufficiently inclined to let the poenny e
slide, the columns will £i11 so that the tops of !!f“ur\

the vennics form a nearly normal curve. i+*”] iPH

1
: 2

4 e §

S5« Complex Roots of a Real Equations The rcal roots of a
guadratic cquation can be casily rcprescnted on a graph of the
function., In solving quadratic equations, thc student frequently
gets complex reots which the ordinary granh of the function docs
not show. After complex numbers havs bcen taught, the complex

valucs of x that give rcal valucsite y in y = Ax* % Bx + C,
can be gravh-:d. (Sec Plate III, no,.land 2.) For this purpose
we usc a rcal axis Y and a complex planc X = a + bi,

pervendisular te the Y axis, the origin being their inter-
scBtion, Solving for x in terms of v, then substituting any
rcal valucs for v, we get thce corrcsponding valucs for x, some
rcal , others complexe Sctting the discriminant cqual to zoero,
onc obtains the lcast or greatss valuc of v that gives a rcal xa
ALt this corrcsnonding value of x, we construct a plane MN per-
npendicular to the 'a' axis. This'planc contains all complex
valucs of x, corrcsvnonding to rcal valucs of v. The complete
granh has then two parts, the usual parabola in the resl YV -—'a!
vlanc and anothcr parabola in the MN planc joined at their ver-
tlcos. The intorscction of the complcte graph by the X or

a 4 bi planc gives the roots of the quadratic, both rcal, or
both comnlex, Thc model can casily be made frowm theee glass
nlancs with the parabolas painted, preferably in contrasting
colors,
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Bvery student in the class can make his :
) ) ~
own model from ordinary granh pancr. Bend \‘QQ':‘ Y
a piecc of gravh pnaver lengthwisc. Scloct
the origin and detorminc the bond point value

of x ~nd slit the nan-r alonz thce crceasc.to 7 ) 3
Mis bond noint valuc. Creasc cach slit part s N
into three cqual pnarts, fold tho two intecrior \\\\\ FONY
sections of cach nart togcthoer placing thc \;\;j“.p**\“
two third secctions togothor and in the same e ——
nlane as the vnslit vart. The two middlc L N
scctions comnrisc the comnlcex wlanc. Label N
th~ rcal and imaginary axis and granh tho N

curve on all visible sides. Loo%ing towards S\
thz front only the real nart of the curve is F’““‘Z:ﬂfjﬁ
scen: from the sid- only thccomnlex nart. In —

a glass modsl both marts arc rcosdily visible, \\\3?
e

The samc <tructurs can be carricd to cubic and highoer

cquations. Tho model is similar oxcent that the cubic has

its com-lcx values in two hyperbolic concave ~O\ /

surfaces instecad of a plenc. (Ses Plate 1L RO ‘

no.! ). On such a glass modnl, all the n \\/

roots, rcal or comnlex, arc renrascntod. /' \;\\

4, Conic Scctions: All the conic sc€tions can casilv bo
cut from a conc (sc- Plate III, no, 6). A double napped conc
igs hest and can be joined at the veortices by a counter sunk oin.
The conic gsactions can also be mads frowm pancr by cutting from
circles of radius, r, thrace Vctoro whosc arc lengths arc lrss
than, caoual to, and grcater than wr V2 rcspeetivelv, Pasting
the two cdgces togoether therce arescs an acutc anglcd, right an-
gled and obtusc anglcd cone resncctively. Cutting through the
conacs norvnendicular to a sleont height, the cut will rcsult in
an ¢llinse, narabola and hyvosrbola, resncctively.

5. Ellipsc: Around two round hcadcd thumb’
tacks, on a drawing board, placc a loopncd, non-
clastic cord. Placing a pcneil inside the loop
and moving the point so as to ¥Zoep the cord taut,
an cllivnsc iskwacod. As the thumb tacks are placed closcr to-
gother, the cllivse apbroaclc a circlc,

6. Ruled Surfacc: Boetwesn a doublc nappad conc and a
cylindcr thore arc inteorvening figurcs. (Sce Plate III, no. 5
and 8.) The transitions can bs shown by the following model.
Scparatc two blocks, on which havc bern drawn circles of diameter
5 inches, by an cight inch bar, fixed to tho center of onc cir-
cle and clamncd a* the othor conter. Porforate the circunfor-
oncces of the circles with #mall holes about onc half _ ‘
inch apart. Lacc with clastic bands so that cach ~ §:§ N
band is vertical, thus forming a cylindrical sur- e
face. As the loosgc block is twisted,thc cylinder e
is changed to singlc shccted hyperboloids and fine ol

ally to a doublc napncd conc. :: @jgi\\\
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7. Trigonomctr y: To show thc variation in the trigomomc-
tric functions in all four ~uadrants, the following modecl is most
convineing. On a bdard 30" x 30", mark the conter and naste a
16 inch radius, comnlct# 360° protractor.. Lot 4 measuring tapes
30" long, markcd from -15 to +15 be pasted parallel to the 0°-
1800 and 90°- 270° axecs and tangent to thc circle.. Attach to
the conter a rotatable metal strip marked from O to 20 inches.

On it,at the 10 inch division, attach a frocly hanging measuring

stlck marBod from O to 10 inches. As the arm rotates the varia-

tion %n all the functions can be casily followed.  (Sce FPlate II,
nos 9

VITI. Rocrcation and History

1. ‘Numcrology: Gemotria or assigning numcrical valuc to
words is onc of the most ancicent vractices. A simolec board to
illustrate this is made from at lcast 5 concentric —
circles. Divide cach circle into two scctors, cach ;\;
slightly lcss than a scmi-circle, by two intorscct -~ {
ing diamctors. Divide cach of thesc scctors into /Qﬁ
26 corrcgsponding cqual parts. In thc onc scctor
writc the alphabet, and in the othcr in rcversc
ordcr the numcrals 1 to 26. Placc a double sce-
tor shicld, slettcd, between the sactors contain-
ing thc numcrals and lctters. Arranging the
circles so that the lctters in the once slot spcll
any 5 (or less) letter word, the numerical valucs
appcar on thce oppositc slot of the shicld.

2. Magic Squarc Board: Divide a board into 10 by 10 equal
squarces with a hook on cach squarc. Cut numbors from 1 to 100
and nl~ce on sgparate cards whosc sizc is =~ the same as that of
the square on the board. Porforate to fit hook and to cover the
squarc, Then a magic squarc of anyv ordcr 3 to 10 can be ropro-
soented. (Sce Plate LV, no. 6)

3. Trisccting the Anglec: Therce arc many mochanical de-
vices for solving or avvroximating the three famous problems of
antiquity. A simplc model for tris-cting an anglc is to take
four sticks, 8 inches in longth, slotted through at the middle
long dwiso, and fasten all four at onc cnd to onc bolt. a
Take 4 sticks of 7 inch length. Bolt two of thom to-

gother at the ond and faston bolt through slot of sce 7/ b
cond arm.(b) Do likcwisc with the otheritwo and thoe
third arm.(c). Conncct thc outer loosc onds succcse,#I°
sively by six cqual sticks ahout 4 or 5 inches in @~ ~ ¢
longth. Ifﬁhb conter (0) is placed at the vertex of . \\\\\
any anglc, and the outer sWots along the sides, draw -

ing a pcncil point along the two innecr slots tri-

sccts the anglo.

L Y
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IX, Othor HModels

There arce many other modcols which arc valuable but 1lrck
of snacc poermits no oxplanation of thome Among such models arc
map projecction, storcograpvhic projection, the scxtanty (Plate V,
no, 7), sun dial, !Platc V, nos 1), stercograms, (Plate III, nos
10), linkages, (Plate II, no. 2), magic c¢ubecs, duplication of
the cube, and inscrcbed regular polygons. Also models for the
non~Euclidian goomectry parallcl postulate, the toscract and
fourth dimensional goomctry, projecctive gecometry, spherical trig-
onometry, and astronomy. Tho ficld is rich and fruitful and
cvery tecacher of Mathomatics can find nuch aid in its This pam-
phlect scrves mercly as a guide and an introduction to what should
prove to be o morc fascinating mothod of mathomatical instruction.

Xoe Suggcstions on Matorials

1. In making stiff papor modcls use index card and not
cardboard. Index card comcs in large shccts of various colors,
is light, strong, flexible and c¢asy to handle. Library paste
or othor quick drying pastec shounld be uscd. All cdges should
be cut by a sharp knife or razor bladc, sliding along a straight
cdgee Do not usc a scissors,

2« In using cclluloid for planc surfacces,usc the heaviest
shooted matoriale For curved surfaoccs usc the light rolled cel=-
luloid. The beost sealing material is Dupont's glue. Cclluloid
modcls arce clcar, transnarcnt, and lasting but must be handled
with carca.

3¢. Ordinary plate glnss is thoe best kind for glass modclse
Meoasurcomonts should be taken in advance and all glass parts cut
to size by a glazicr. Glass coment or furniturc gluc is the best
scaling substancc. While such models arc heavy, casily broken,
clumsy to handlc, they make cxcellent stationary modcls because
of their transparconcye

4, Wood and mctal arc the casicst materials to handle and
coan be turncd on a lath~. Models mrnde from thoem arc pormancnt
and good for demongstration purposcs.
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